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OPTIMAL EIGENVALUE ESTIMATE FOR THE DIRACWITTEN
OPERATOR ON BOUNDED DOMAINS WITH SMOOTH BOUNDARY
DANIEL MAERTEN
Abstrat. Eigenvalue estimate for the DiraWitten operator is given on bounded
domains (with smooth boundary) of spaelike hypersurfaes satisfying the dominant
energy ondition, under four natural boundary onditions (MIT, APS , modied APS
and hiral onditions). Roughly speaking, any eigenvalue of the DiraWitten operator
satises
|λ|2 >
n
(n− 1)
R0 ,
where R0 is the innimum of (the opposite of) the lorentzian norm of the onstraints
vetor. Equality ases are also investigated and lead to interesting geometri situations.
1. Introdution
The aim of spetral geometry is to derive some geometri properties from the study of the
spetrum of a ertain ellipti operator, whih is mostly a Laplae operator (Laplaian on
funtions, Hodge Laplaian on pforms or DiraLaplaian on spinors). In that ontext,
a lassial issue is to give lower bounds for the eigenvalues of the Dira operator on a
ompat manifold (Mn, g), (n > 2). In [5℄, T. Friedrih proved that any eigenvalue λ of
the Dira operator satises
(1.1) λ2 >
n
4(n− 1)
inf
M
Scalg ,
where Scalg denotes the salar urvature of (Mn, g). A few years later, O. Hijazi [9, 10℄
improved this result by showing that, for any n > 3,
(1.2) λ2 >
n
4(n− 1)
µ1 ,
where µ1 is the rst eigenvalue of the onformal Laplaian. Clearly, estimates (1.1) and
(1.2) are under interest only if the salar urvature is positive. In a reent work, O. Hijazi
and X. Zhang [12℄ established an analogous version of (1.1) for the DiraWitten operator
under a hiral boundary ondition, of a ompat spaelike hypersurfae (M,g, k) satisfying
the dominant energy ondition, namely
(1.3) λ2 >
n
4(n − 1)
inf
M
{
Scalg +(trgk)
2 − |k|2g − 2 |δgk + dtrgk|g
}
.
On the other hand, S. Raulot [16℄ proved an eigenvalue estimate for the Dira operator
on domains with boundary. More preisely, if Ω is a ompat domain of an ndimensional
Riemannian spin manifold (M,g), whose boundary ∂Ω has positive mean urvature H, he
showed under a natural boundary ondition (alled "MIT" boundary ondition), that any
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eigenvalue λ of the spetrum of the Dira operator on Ω (whih is an unbounded disrete
set of omplex numbers of positive imaginary part) satises
(1.4) |λ|2 >
n
4(n− 1)
inf
Ω
Scalg +n Im(λ) inf
∂Ω
H .
The most interesting fat in Inequality (1.4) is that the bound depends on some boundary
geometri quantity, whih is not the ase for Inequality (1.3). In addition, S. Raulot showed
that equality in (1.4) leads to the existene of imaginary Killing spinor on Ω, and also to
the onlusion that the boundary ∂Ω is a totally umbilial and onstant mean urvature
hypersurfae.
The goal of this artile is to generalise Inequalities (1.3) and (1.4) in several dire-
tions. Indeed, we shall prove analogous versions of (1.3) for the DiraWitten operator on
bounded domains, under four natural boundary onditions (see [11℄) and also generalise
(1.4) for the DiraWitten operator.
The artile is organised as follows: In Setion 2, we give our geometri onventions and
preliminary results; Setion 3 is devoted to the statements of the main results and their
proves.
2. Geometri Bakground
2.1. Notations. We onsider (Nn+1, γ) a Lorentzian manifold of signature (−,+, · · · ,+)
whih ontains (Mn, g, k), a spin (in dimension 3 this only means orientable) Riemannian
hypersurfae (not neessarily ompat) whose indued metri is g and seond fundamental
form (extrinsi urvature) is k. Let Ω be a ompat domain in (Mn, g, k) satisfying the
dominant energy ondition, whih reads as the following inequality along Ω
Scalg +(trgk)
2 − |k|2g > 2 |δgk + dtrgk|g .
We will work with the omplex spinor bundle of N restrited to the hypersurfae domain
Ω, that is to say Σ := Σ(N)|Ω whih is given by the hoie of a unit normal e0 of M in N ,
along Ω. More preisely, if one denotes by P
Spin(n,1)(N) the bundle of Spin(n, 1)frames
on N , and by ρn,1 the standard representation of Spin(n, 1) then
Σ(N) := P
Spin(n,1)(N)×ρn,1 C
[(n+1)/2].
Now the hoie of unit normal e0 of M in N , along Ω, indues a natural inlusion
Spin(n) ⊂ Spin(n, 1) and so we an dene
Σ := P
Spin(n,1)(N)|Ω ×(ρn,1)|Spin(n) C
[(n+1)/2].
Σ naturally arries two sesquilinear inner produts: the rst one denoted by (∗, ∗) is
Spin(n, 1)-invariant (it is not neessary positive); the seond one whih is denoted by
〈∗, ∗〉 := (e0 · ∗, ∗) is Spin(n)-invariant and Hermitian denite positive (· is the Cliord
ation with respet to the metri γ). The Hermitian or anti-Hermitian harater of the
Cliord multipliation by vetors diers if we onsider (∗, ∗) or 〈∗, ∗〉 and is desribed
in [13℄, for instane. Σ is also endowed with two dierent onnetions ∇,∇ whih are
respetively the Levi-Civita onnetions of γ and g. Let us take a spinor eld ψ ∈ Γ(Σ)
and a vetor eld X ∈ Γ(TΩ), then our onventions are
∇Xψ = ∇Xψ −
1
2
k(X) · e0 · ψ
〈k(X), Y 〉γ = 〈∇XY, e0〉γ .
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In these formulae · denotes the Cliord ation with respet to the metri γ. The indued
metri, Levi-Civita onnetion and seond fundamental form of the boundary ∂Ω, are
respetively denoted by ℓ, ∇˜, θ. Our onventions are, for any X,Y ∈ Γ(T∂Ω) and ψ ∈ Σ|∂Ω,
∇XY = ∇˜XY + θ(X,Y )ν
∇Xψ = ∇˜Xψ +
1
2
θ(X) · ν · ψ,
where ν is the unit normal to ∂Ω pointing inside Ω, and · still denotes the Cliord ation
with respet to the metri γ. Finally we dene the following geometri quantity
R0 :=
1
4
inf
Ω
{
Scalg +(trgk)
2 − |k|2g − 2 |δgk + dtrgk|g
}
.
2.2. Dira-Witten operators and BohnerLihnerowiz formulæ. From now on,
(ek)
n
k=0 denotes an orthonormal basis at the point, with respet to the metri γ, and where
ν = e1. We an then dene the DiraWitten operator of ∇
Dϕ =
n∑
k=1
ek · ∇ekϕ ,
where · is the Cliord ation with respet to the metri γ. Notie that D an be onsidered
as a deformation of D the usual Dira operator of ∇ sine we reover D = D as soon as
k ≡ 0. The Dira-Witten operator D is learly formally self adjoint in L2 with respet to
〈∗, ∗〉 in the lass of ompatly supported spinor elds, and we have the lassial Bohner-
Lihnerowiz-Weitzenbök formula (f. [1, 7, 15℄ for instane)
(2.1) D
∗
D = DD = ∇∗∇+R ,
where
R :=
1
4
(
Sal
γ + 4Riγ(e0, e0) + 2e0 ·Ri
γ(e0)
)
=
1
4
{(
Scalg +(trgk)
2 − |k|2g
)
+ 2(δgk + dtrgk) · e0
}
.
As usual, we derive from (2.1) an integration formula. The idea is to onsider a ertain
spinor eld ϕ and to dene the 1form ωϕ ∈ Γ(T
∗Ω) by the relation
ωϕ(X) = 〈∇Xϕ+X ·Dϕ,ϕ〉 .
Then, omputing the gdivergene of ωϕ, we obtain
divg ωϕ = |Dϕ|
2 − |∇ϕ|2 − 〈Rϕ,ϕ〉 ,
whih gives, applying Stokes' theorem
(2.2)
∫
Ω
|Dϕ|2 =
∫
Ω
|∇ϕ|2 +
∫
Ω
〈Rϕ,ϕ〉 +
∫
∂Ω
〈∇νϕ+ ν ·Dϕ,ϕ〉 .
We now have to introdue P the twistor operator with respet to the onnetion ∇,
whih is dened by the relation
PXϕ := ∇Xϕ+
1
n
X ·Dϕ ,
for every X ∈ Γ(TΩ) and every spinor eld ϕ ∈ Γ(Σ). We derive a seond integration
formula based on a BohnerLihnerowiz formula for the twistor operator.
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2.1. Proposition. For any spinor eld ϕ ∈ Γ(Σ), we have
(2.3)
∫
Ω
|Pϕ|2 =
(
n− 1
n
)∫
Ω
|Dϕ|2 −
∫
Ω
〈Rϕ,ϕ〉 −
∫
∂Ω
ωϕ(ν) .
Proof: We rst prove the BohnerLihnerowiz formula for P , namely
|Pϕ|2 =
n∑
k=1
〈
∇ekϕ+
1
n
ek ·Dϕ,∇ekϕ+
1
n
ek ·Dϕ
〉
= |∇ϕ|2 +
(
1
n
−
2
n
)
|Dϕ|2
= |∇ϕ|2 −
1
n
|Dϕ|2 .
We integrate this formula on Ω so that∫
Ω
|Pϕ|2 =
∫
Ω
|∇ϕ|2 −
1
n
∫
Ω
|Dϕ|2
=
(
n− 1
n
)∫
Ω
|Dϕ|2 −
∫
Ω
〈Rϕ,ϕ〉 −
∫
∂Ω
ωϕ(ν) ,
where the seond line is obtained thanks to (2.2). 
It is lear that the value of the 1form ωϕ depends upon the boundary ondition that will
be used. We will need the intermediate result:
2.2. Lemma. For any spinor eld ϕ ∈ Γ(Σ), we have along the boundary ∂Ω
(2.4) ωϕ(ν) =
〈
ν · ej · ∇˜ejϕ+
1
2
(
(trgk)ν · e0 · −k(ν) · e0 ·+(trℓθ)
)
ϕ,ϕ
〉
.
Proof: Just ompute, using the relations of ompatibility between the dierent onne-
tions
∇νϕ+ ν ·Dϕ = ν ·
n∑
j=2
ej · ∇ejϕ
= ν · ej ·
(
∇˜ej −
1
2
k(ej) · e0 ·+
1
2
θ(ej) · ν·
)
ϕ
= ν · ej · ∇˜ejϕ+
1
2
(
(trgk)ν · e0 · −k(ν) · e0 ·+(trℓθ)
)
ϕ .

3. Main Results
3.1. "MIT" boundary ondition. Remind that our aim is to nd an estimate for the
spetrum of the DiraWitten operator under a natural boundary ondition (that had
been used in order to obtain some blak hole version of the positive mass theorem for
asymptotially hyperboli manifolds [4, 13℄). It onsists on nding a lower bound for |λ|2
where λ is any nonzero omplex (a priori) number involving in the following ellipti rst
order boundary problem
(MIT)
{
Dϕ = λϕ on Ω
F (ϕ) = ϕ on ∂Ω
,
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where ϕ is nonzero (eigen)spinor eld, and where F ∈ End
(
Σ|∂Ω
)
is dened by the
relation F (ψ) = iν · ψ. The boundary ondition F (ψ) = ψ was originally introdued by
physiists of the MIT, and this the reason why it is often alled "MIT" boundary ondition.
Their idea is based on the fat that the Dira (and also the DiraWitten) operator on
manifold with boundary is not formally selfadjoint anymore, sine we have the following
integration by parts formula
(3.1)
∫
Ω
〈Dϕ,ψ〉 =
∫
Ω
〈ϕ,Dψ〉 −
∫
∂Ω
〈ν · ϕ,ψ〉 ,
for any spinor elds ϕ,ψ. This defet of selfadjointness has a onsequene on the spetrum
of the problem (MIT).
3.1. Lemma. The spetrum of (MIT) is a disrete set of omplex numbers with positive
imaginary parts.
Proof: Let λ be any eigenvalue of (MIT) with ϕ a orresponding eigenspinor eld. Just
take ψ = iϕ in (3.1) and onsequently get
2 Im(λ)
∫
Ω
|ϕ|2 =
∫
∂Ω
|ϕ|2 > 0 ,
and so Im(λ) > 0. Assume now that Im(λ) = 0, then ϕ should vanish on ∂Ω and so on
the whole Ω, by the ontinuation priniple. This ontradits the fat that an eigenspinor
is by denition non identially zero. 
For later use we introdue some geometri quantities.
3.2. Denition. We set
HMIT0 := inf
∂Ω
{
trℓθ −
∣∣∣k∂Ω(ν)∣∣∣
g
}
, k∂Ω(ν) :=
n∑
j=2
k(ν, ej)ej .
The rst main result of this note is a generalisation of the lower bound of [16℄ for the
DiraWitten operator (we reover (1.4) when we set k ≡ 0 on Ω).
3.3. Theorem. Let Ω be a ompat domain of a spaelike spin hypersurfae (M,g, k) whih
satises the dominant energy ondition along Ω (so that R0 > 0). The boundary ∂Ω is
assumed to verify HMIT0 > 0. Then under the (MIT) boundary ondition, the spetrum
of the DiraWitten operator on Ω is an unbounded disrete set of omplex numbers with
positive imaginary part, suh that any eigenvalue satises
(3.2) |λ|2 >
n
(n− 1)
(
R0 +H
MIT
0 Im(λ)
)
.
Proof: The fat that, under the (MIT) boundary ondition, the spetrum of the Dira
Witten operator on Ω is an unbounded disrete set of omplex numbers with positive
imaginary part, has been proved in the previous lemma.
As far as Inequality (3.2) is onerned, we onsider a 1parameter family of modied
spinorial LeviCivita onnetion. Indeed, for any α ∈ R, we dene the ation of ∇α on Σ
by the relation
∇αXϕ := ∇Xϕ+ iαX · ϕ ,
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for every X ∈ Γ(TΩ). We an then dene the DiraWitten operator with respet to the
Killing onnetion ∇α
D
αϕ =
n∑
k=1
ek · ∇
α
ek
ϕ ,
where · is the Cliord ation with respet to the metri γ. An easy omputation gives the
relation D
α = D− inα, so that Dα is not formally selfadjoint in L2 with respet to 〈∗, ∗〉
in the lass of ompatly supported spinor elds if α 6= 0.
We onsider a ertain spinor eld ϕ and dene the 1form ωαϕ ∈ Γ(T
∗Ω) by the relation
ωαϕ(X) = 〈∇
α
Xϕ+X ·D
αϕ,ϕ〉 .
We notie that ωαϕ(X) = ωϕ(X) − α(n − 1) 〈iX · ϕ,ϕ〉. Then, we only have to ompute
the gdivergene of the 1form ξ(X) := 〈iX · ϕ,ϕ〉. To this end, we assume that our loal
base satises ∇ejem = 0 at the point where the omputation is made (this is equivalent to
∇ejem = −k(ej , em)e0) so that
divg ξ = −
n∑
j=1
ej · ξ(ej)
= −
〈
i∇ejej︸ ︷︷ ︸
=0
·ϕ,ϕ
〉
−
〈
iej · ∇ejϕ,ϕ
〉
−
〈
iej · ϕ,∇ejϕ
〉
= −〈iDϕ,ϕ〉 −
1
2
〈
i ej · k(ej)︸ ︷︷ ︸
=−trgk
·e0 · ϕ,ϕ
〉
− 〈ϕ, iDϕ〉 +
1
2
〈
i k(ej) · ej︸ ︷︷ ︸
=−trgk
·e0 · ϕ,ϕ
〉
= −〈iDϕ,ϕ〉 − 〈ϕ, iDϕ〉 .
Using Stokes' theorem and integration formula (2.2), we get∫
∂Ω
ωαϕ(ν) =
∫
Ω
|Dϕ|2 −
∫
Ω
|∇ϕ|2 −
∫
Ω
〈Rϕ,ϕ, 〉 + α(n − 1)
∫
Ω
(
〈iDϕ,ϕ〉 + 〈ϕ, iDϕ〉
)
.
Easy omputations lead to the relations
|∇αϕ|2 = |∇ϕ|2 + nα2 |ϕ|2 + α
(
〈iDϕ,ϕ〉 + 〈ϕ, iDϕ〉
)
|Dαϕ|2 = |Dϕ|2 + n2α2 |ϕ|2 + nα
(
〈iDϕ,ϕ〉+ 〈ϕ, iDϕ〉
)
.
Plugging this into our integration by parts formula, we obtain
(3.3)
∫
∂Ω
ωαϕ(ν) =
∫
Ω
|Dαϕ|2 −
∫
Ω
|∇αϕ|2 −
∫
Ω
〈Rαϕ,ϕ, 〉 ,
where R
α := R+ n(n− 1)α2. The twistor operator with respet to the onnetion ∇α is
dened by
PαXϕ := ∇
α
Xϕ+
1
n
X ·Dαϕ ,
for every X ∈ Γ(TΩ) and every spinor eld ϕ ∈ Γ(Σ). We straightly have
|Pαϕ|2 = |∇αϕ|2 −
1
n
|Dαϕ|2 > 0 ,
and, after integration on Ω we get, using (3.3)
(3.4) 0 6
∫
Ω
|Pαϕ|2 =
(
n− 1
n
)∫
Ω
|Dαϕ|2 −
∫
Ω
〈Rαϕ,ϕ, 〉 −
∫
∂Ω
ωαϕ(ν) .
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We now need to give some elementary properties of the boundary spinorial endomor-
phism F (the proof is left to the reader).
3.4. Proposition. The endomorphism F is symmetri, isometri with respet to 〈∗, ∗〉,
ommutes to the ation of ν· and antiommutes to eah ek·, (k 6= 1).
The important fat is that the boundary ondition of (MIT) allows us to express the
boundary integrand of (3.4) in terms of the extrinsi urvature tensors k and θ.
3.5. Lemma. If F (ϕ) = ϕ then along the boundary ∂Ω we have
(3.5) ωαϕ(ν) =
1
2
〈
e0 ·
{(
trℓθ − 2(n − 1)α
)
e0 + k
∂Ω(ν)
}
· ϕ,ϕ
〉
.
Proof of Lemma 3.5: We use Equation (2.4)
ωαϕ(ν) =
〈
ν · ej · ∇˜ejϕ+ αiν · ej · ej · ϕ+
1
2
(
(trgk)ν · e0 · −k(ν) · e0 ·+(trℓθ)
)
ϕ,ϕ
〉
=
〈
ν · ej · ∇˜ejϕ− (n− 1)αiν · ϕ+
1
2
(
(trℓk)ν · e0 · −k
∂Ω(ν) · e0 ·+(trℓθ)
)
ϕ,ϕ
〉
.
Taking Proposition 3.4 into aount and also the assumption F (ϕ) = ϕ, it omes out
ωαϕ(ν) =
1
2
〈(
(trℓθ − 2α(n − 1)) − k
∂Ω(ν) · e0 ·
)
ϕ,ϕ
〉
=
1
2
〈
e0 ·
(
(trℓθ − 2α(n − 1))e0 + k
∂Ω(ν)
)
· ϕ,ϕ
〉
=
1
2
〈e0 ·K
α
MIT · ϕ,ϕ〉 ,
where we have dened the vetor eld K
α
MIT ∈ Γ(TN|∂Ω) as
K
α
MIT =
(
trℓθ − 2α(n − 1)
)
e0 + k
∂Ω(ν) .

Then, it is well known that the boundary integrand ωαϕ(ν) is nonnegative if and only if
K
α
MIT is ausal and future oriented, whih reads as
(3.6) trℓθ − 2α(n − 1) >
∣∣∣k∂Ω(ν)∣∣∣
g
.
As a onsequene, if one assumes that (3.6) holds and that Dϕ = λϕ, then (3.4) implies
0 6
(
n− 1
n
)
|λ− inα|2
∫
Ω
|ϕ|2 −
∫
Ω
〈Rαϕ,ϕ, 〉
0 6
(
n− 1
n
)(
|λ|2 + n2α2 − 2nα Im(λ)
) ∫
Ω
|ϕ|2 −
∫
Ω
〈Rαϕ,ϕ, 〉
0 6
(
n− 1
n
)(
|λ|2 − 2nα Im(λ)
) ∫
Ω
|ϕ|2 −
∫
Ω
〈Rϕ,ϕ, 〉 ,
whih is possible only if |λ|2 > n(n−1)R0+2nα Im(λ) . Now just take α = α0 =
1
2(n−1)H
MIT
0
so that K
α0
MIT is learly ausal and future oriented and we obtain the desired inequality,
namely
|λ|2 >
n
(n− 1)
(
R0 +H
MIT
0 Im(λ)
)
.

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The equality ase in (3.2) is not easy to treat in general, but we an however dedue
some information under a natural additional assumption.
3.6. Theorem. Under the assumptions of Theorem 3.3, equality in (3.2) always leads to
the existene of an imaginary ∇Killing spinor on Ω of Killing number −iα0 = −λ/n.
If we assume furthermore that k∂Ω(ν) = 0 along the boundary ∂Ω, then ∂Ω is a totally
umbilial and onstant mean urvature hypersurfae of Ω.
Proof: Suppose now that equality holds in (3.2). Thereby, there exists a nonzero λ
eigenspinor eld ϕ suh that
(3.7) Pα0ϕ ≡ 0 ,
〈
e0 ·K
α0
MIT · ϕ,ϕ
〉
≡ 0 .
The seond equation of (3.7) simply says that the vetor eld K
α0
MIT is lightlike, whih
means in other words
trℓθ −
∣∣∣k∂Ω(ν)∣∣∣ ≡ 2(n − 1)α0 .
The rst equation of (3.7) an be reformulated as
∇Xϕ+
(
λ
n
)
X · ϕ = 0 , ∀X ∈ Γ(TΩ),
that is, ϕ is a Killing spinor. It is well known that the Killing number
(
−λ
n
)
has to be either
real or purely imaginary. But remind that Im(λ) > 0, and so λ ∈ iR∗+. For later use, we
set λ = iµ with µ a positive real number. We onsider now any vetor eld X ∈ Γ(T∂Ω)
tangent to the boundary, and we ompute
−i
(µ
n
)
X · ϕ = ∇Xϕ
= ∇X(iν · ϕ)
= i
(
∇Xν · ϕ+ ν · ∇Xϕ
)
= i
(
∇Xν · −k(X, ν)e0 · −i
(µ
n
)
ν ·X·
)
ϕ
= i
(
−θ(X) · −k(X, ν)e0 ·+
(µ
n
)
X·
)
ϕ .
This nally leads to
(3.8) ∀X ∈ Γ(T∂Ω) ,
(
−θ(X) · −k(X, ν)e0 ·+
(
2µ
n
)
X·
)
ϕ = 0 .
The ondition (3.8) notably implies that for any vetor eld X ∈ Γ(T∂Ω), the vetor eld{
−θ(X)− k(X, ν)e0 +
(
2µ
n
)
X
}
is lightlike, and onsequently we have
(3.9) ∀X ∈ Γ(T∂Ω) , k(X, ν)2 =
∣∣∣θ(X)− 2(µ
n
)
X
∣∣∣2
g
.
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The striking relation (3.9) somehow measures the failure of ∂Ω to be totally umbilial. We
now prove that µ = nα0. Indeed, using (3.8), we ompute along the boundary(
2µ
n
) n∑
j=2
〈ej · ϕ, ej · ϕ〉 =
2(n− 1)µ
n
|ϕ|2
=
n∑
j=2
〈ej · ϕ, {θ(ej) ·+k(ej , ν)e0} · ϕ〉
= −
n∑
j=2
〈ϕ, ej · {θ(ej) ·+k(ej , ν)e0} · ϕ〉
=
〈
ϕ,
{
trℓθ − k
∂Ω(ν) · e0·
}
ϕ
〉
=
〈
ϕ, e0 ·K
0
MIT · ϕ
〉
,
whih an be written in short as
〈
ϕ, e0 ·K
0
MITϕ
〉
= 2µ(n−1)n |ϕ|
2
. Besides, using the seond
equation of (3.7), we know that
0 =
∫
∂Ω
〈
e0 ·K
α0
MIT · ϕ,ϕ
〉
=
∫
∂Ω
〈
ϕ, e0 ·K
0
MIT · ϕ
〉
− 2(n − 1)α0
∫
∂Ω
|ϕ|2
= 2(n − 1)
(µ
n
− α0
) ∫
∂Ω
|ϕ|2 ,
whih entails µ = nα0 sine the eigenspinor ϕ annot vanish identially along ∂Ω. Sup-
pose furthermore, that k∂Ω(ν) = 0 on the boundary, then it is lear from (3.9) that ∂Ω is
a totally umbilial and onstant mean urvature hypersurfae. 
3.2. APS Boundary Condition. The AtiyahPatodiSinger (APS) boundary ondition
was often used in order to prove positive mass theorem for asymptotially at blak holes
(that is to say for asymptotially at manifolds with boundary [8, 14℄). More preisely,
we denote by Π± the L
2
-orthogonal projetions on the spaes of eigenspinors of positive
(respetively negative) eigenvalues of the Dira operator of the boundary D˜ :=
∑
j>2
ej ·∂Ω∇˜ej ,
where ·∂Ω denotes the Cliord ation with the respet to boundary metri ℓ. In this setion,
our aim is to nd a lower bound for |λ|2 where λ is any nonzero omplex (a priori) number
involving in the following ellipti rst order boundary problem
(APS)
{
Dϕ = λϕ on Ω
Π+(ϕ) = 0 on ∂Ω
,
where D still denotes the DiraWitten operator. We rst prove that the spetrum of
(APS) is real.
3.7. Lemma. The spetrum of (APS) is a disrete set of real numbers.
Proof: Let λ ∈ C be any eigenvalue of (APS) with ϕ a orresponding eigenspinor eld.
Now, ·N , ·Ω, ·∂Ω the Cliord ations of respetively γ, g, ℓ satisfy the following relations
(3.10) X ·∂Ω ψ = X ·Ω ν ·Ω ψ, X ·Ω ψ = iX ·N e0 ·N ψ .
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These identities imply D˜ = −ν ·
∑
j>2
ej · ∇˜ej , where · = ·N is still the Cliord ation of γ.
The spinor bundle Σ|∂Ω has a natural L
2
orthogonal deomposition
(3.11)
Σ|∂Ω = ImΠ+ ⊕ ImΠ− ⊕ Ker D˜
= Σ+|∂Ω ⊕ Σ
−
|∂Ω ⊕ Σ
0
|∂Ω
.
An important fat is that D˜ antiommutes with ν·, namely ν · D˜ = −D˜ν·. Indeed, for any
spinor ψ ∈ Σ|∂Ω we have
D˜(ν · ψ) = −ν ·
n∑
j=2
ej · ∇˜ej(ν · ψ)
= −ν · ej ·
(
∇ej (ν · ψ)−
1
2
θ(ej) · ν · ν · ψ
)
= −ν · ej ·
(
−θ(ej) · ψ + ν · ∇ejψ +
1
2
θ(ej) · ψ
)
= −ν · ej ·
(
−
1
2
ν · θ(ej) · ν · ψ + ν · ∇ejψ
)
= −ν · D˜ψ .
Thereby, it turns out that ν ·Σ±|∂Ω ⊂ Σ
∓
|∂Ω and ν ·Σ
0
|∂Ω ⊂ Σ
0
|∂Ω. Remind our integration by
parts formula (3.1) ∫
Ω
〈Dϕ,ψ〉 =
∫
Ω
〈ϕ,Dψ〉 −
∫
∂Ω
〈ν · ϕ,ψ〉 .
Taking ϕ a solution of (APS) for an nonzero eigenvalue λ and setting ψ = ϕ in the formula
above, leads to
(λ− λ) ‖ϕ‖L2(Ω) = −〈ν · ϕ,ϕ〉L2(∂Ω) .
But, Π+ϕ = 0 means ϕ|∂Ω ∈ Σ
−
|∂Ω ⊕ Σ
0
|∂Ω, and ν · Σ
±
|∂Ω ⊂ Σ
∓
|∂Ω+ gives 〈ν · ϕ,ϕ〉L2(∂Ω) = 0
beause of deomposition (3.11). We thus obtain λ− λ = 0, that is λ is real. 
For later use we introdue a geometri quantity.
3.8. Denition. We set
HAPS0 := inf
∂Ω
trℓθ −
(trℓk)2 + n∑
j=2
k(ν, ej)
2

1
2
 .
The seond main result of this note is a generalisation of the lower bound of [11℄ for the
DiraWitten operator under the (APS) boundary ondition (we reover the inequality of
[11℄ when we set k ≡ 0 on Ω).
3.9. Theorem. Let Ω be a ompat domain of a spaelike spin hypersurfae (M,g, k) whih
satises the dominant energy ondition along Ω (so that R0 > 0). The boundary ∂Ω is
assumed to verify HAPS0 > −2λ˜ (the denition of λ˜ will be given below). Then under the
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(APS) boundary ondition, the spetrum of the DiraWitten operator on Ω is an unbounded
disrete set of real numbers, suh that any eigenvalue satises
(3.12) λ2 >
n
(n− 1)
R0 .
Proof: The fat that, under the (APS) boundary ondition, the spetrum of the Dira
Witten operator on Ω is an unbounded disrete set of real numbers, has been proved in
the previous lemma.
Thanks to the isomorphisms of the several Cliord ations (3.10), we an improve (2.4)
ωϕ(ν) =
〈
−D˜ϕ+
1
2
(
trℓθ + (trℓk)ν · e0 − k
∂Ω(ν) · e0 ·
)
ϕ,ϕ
〉
=
〈
−D˜ϕ+
1
2
e0 ·KAPS · ϕ,ϕ
〉
,
where we have dened the vetor eld KAPS ∈ Γ(TN|∂Ω) as
KAPS = (trℓθ)e0 − (trℓk)ν + k
∂Ω(ν) .
Let (λ˜m, ψm)m∈Z the eigenvalues and eigenspinors of D˜ (with the onvention that λ˜m < 0
if and only if m < 0). If we suppose that Π+ϕ = 0, then ϕ = ϕ0 +
∑
m<0
ϕm, where ϕm is
the L2orthogonal projetion of ϕ on the line Rψm and ϕ0 ∈ Ker D˜. We an dedue∫
∂Ω
ωϕ(ν) =
∑
m<0
∫
∂Ω
〈
(−λ˜m +
1
2
e0 ·KAPS·)ϕm, ϕm
〉
.
It is well known that
〈
(−λ˜m +
1
2e0 ·KAPS·)ϕm, ϕm
〉
> 0 if the vetor eld (KAPS−2λ˜me0)
is ausal and future oriented, for eah integer m < 0. This equivalently means
trℓθ − 2λ˜m >
(
(trℓk)
2 +
∣∣∣k∂Ω(ν)∣∣∣2) 12 ,
for every m < 0. This ondition will be satised if
(3.13) HAPS0 > −2λ˜ := −2 inf
m<0
{
−λ˜m
}
.
As a onsequene, if one assumes that (3.13) holds and that ϕ is solution of (APS) for a
nonzero λ ∈ R, then (2.3) implies
0 6
(
n− 1
n
)
λ2
∫
Ω
|ϕ|2 −
∫
Ω
〈Rϕ,ϕ, 〉 ,
whih is possible only if
|λ|2 >
n
(n− 1)
R0 .

3.10. Remark . The boundary assumption HAPS0 > −2λ˜ is quite weaker than the one used
in [11℄, even for the ase k ≡ 0.
12 DANIEL MAERTEN
3.11. Remark . Aording to the lower bound of C. Bär and O. Hijazi
(3.14) λ˜ >
1
2
Vol(∂Ω, ℓ)
−1
n−1
√
(n− 1)
(n− 2)
Y (∂Ω, ℓ) ,
where Y (∂Ω, ℓ) denotes the Yamabe invariant of the losed manifold (∂Ω, ℓ), we an replae
the boundary assumption HAPS0 > −2λ˜ by the stronger one
HAPS0 > −Vol(∂Ω, ℓ)
−1
n−1
√
(n− 1)
(n− 2)
Y (∂Ω, ℓ) .
We will use this ondition in order to investigate the equality ase of (3.12).
The equality ase in (3.12) is not easy to treat in general, but we an however de-
due some information under the stronger boundary assumption (3.14) introdued in the
previous remark.
3.12. Theorem. Let Ω be a ompat domain of a spaelike spin hypersurfae (M,g, k)
whih satises the dominant energy ondition along Ω (so that R0 > 0). The boundary
∂Ω is assumed to have a positive Yamabe invariant and to verify the boundary inequality
HAPS0 > −Vol(∂Ω, ℓ)
−1
n−1
√
(n−1)
(n−2)Y (∂Ω, ℓ) . Then equality in (3.12) always leads to the
existene of an imaginary ∇Killing spinor on Ω of Killing number −λ/n, and the boundary
metri ℓ is Einstein with positive salar urvature on ∂Ω.
Proof: Suppose that equality holds in (3.12). Thereby, there exists a nonzero λ
eigenspinor eld ϕ suh that
(3.15) Pϕ ≡ 0 ,
〈
e0 · (KAPS − 2λ˜e0) · ϕ,ϕ
〉
≡ 0 .
The seond equation of (3.15) simply says that the vetor eld (KAPS − 2λ˜e0) is lightlike,
whih means in other words
HAPS0 = −2λ˜ ,
but it says that we are in the equality ase of (3.14), and so the boundary metri ℓ is
Einstein with positive salar urvature on ∂Ω.
The rst equation of (3.15) an be reformulated as
∇Xϕ+
(
λ
n
)
X · ϕ = 0 , ∀X ∈ Γ(TΩ),
that is, ϕ is a Killing spinor of Killing number −λ/n. 
3.13. Remark . If we replae the boundary assumption of Theorem 3.12 by HAPS0 > −2λ˜
(or by HAPS0 > 0 as in [11℄), then equality in (3.12) annot our.
3.3. Modied APS Boundary Condition. The modied AtiyahPatodiSinger (mAPS)
boundary ondition was rst introdued in [11℄. In this setion, our goal is to nd a lower
bound for |λ|2 where λ is any nonzero omplex (a priori) number involving in the following
ellipti rst order boundary problem
(mAPS)
{
Dϕ = λϕ on Ω
Π+(ϕ+ ν · ϕ) = 0 on ∂Ω
,
where D still denotes the DiraWitten operator. As for the (APS) problem, we rst prove
that the spetrum of (mAPS) is real.
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3.14. Lemma. The spetrum of (mAPS) is a disrete set of real numbers.
Proof: Let λ ∈ C be any eigenvalue of (mAPS) with ϕ a orresponding eigenspinor eld.
We know that
(λ− λ) ‖ϕ‖L2(Ω) = −〈ν · ϕ,ϕ〉L2(∂Ω)
= −
1
2
∫
∂Ω
〈ϕ+ ν · ϕ,ϕ − ν · ϕ〉
= 0 ,
sine ϕ + ν · ϕ ∈ Σ−|∂Ω by denition and ϕ − ν · ϕ ∈ Σ
+
|∂Ω. Indeed, we an show that
Π+ν = νΠ− (that is a onsequene of ν · D˜ = −D˜ν·), and so
Π+(ν · ϕ− ϕ) = Π+(ν · ϕ+ ν · ν · ϕ)
= ν · Π−(ϕ+ ν · ϕ)
= ν · (ϕ+ ν · ϕ)
= ν · ϕ− ϕ .

The third main result of this note is a generalisation of the lower bound of [11℄ for the
DiraWitten operator under the (mAPS) boundary ondition (we reover the inequality
of [11℄ when we set k ≡ 0 on Ω).
3.15. Theorem. Let Ω be a ompat domain of a spaelike spin hypersurfae (M,g, k)
whih satises the dominant energy ondition along Ω (so that R0 > 0). The boundary
∂Ω is assumed to verify HAPS0 > 0 . Then under the (mAPS) boundary ondition, the
spetrum of the DiraWitten operator on Ω is an unbounded disrete set of real numbers,
suh that any eigenvalue satises
(3.16) λ2 >
n
(n− 1)
R0 .
Proof: The fat that, under the (mAPS) boundary ondition, the spetrum of the Dira
Witten operator on Ω is an unbounded disrete set of real numbers, has been proved in
the previous lemma.
We still have
ωϕ(ν) =
〈
−D˜ϕ+
1
2
e0 ·KAPS · ϕ,ϕ
〉
,
whereKAPS has been dened in the previous setion. If we suppose that Π+(ϕ+ ν · ϕ) = 0,
then we know (see the proof of the lemma above) that ϕ+ ν · ϕ ∈ Σ−|∂Ω and ϕ− ν · ϕ ∈ Σ
+
|∂Ω.
Therefore,
0 =
1
2
〈
D˜(ϕ+ ν · ϕ), ϕ − ν · ϕ
〉
L2(∂Ω)
=
〈
D˜ϕ,ϕ
〉
L2(∂Ω)
,
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where the seond line is obtained thanks to the property ν · D˜ = −D˜ν·. Assume ϕ is
solution of (mAPS) for a nonzero λ ∈ R, then (2.3) implies
0 6
(
n− 1
n
)
λ2
∫
Ω
|ϕ|2 −
∫
Ω
〈Rϕ,ϕ, 〉 ,
sine the ondition HAPS0 > 0 implies that KAPS is ausal and future oriented. This leads
to the desired inequality, namely
λ2 >
n
(n− 1)
R0 .

The equality ase in (3.16) is not easy to treat in general, but we an however dedue
some information under a natural additional assumption.
3.16. Theorem. Under the assumptions of Theorem 3.3, equality in (3.2) always leads to
the existene of an imaginary ∇Killing spinor on Ω of Killing number −λ/n. If we assume
furthermore that k∂Ω(ν) = 0 along the boundary ∂Ω, then ∂Ω is an apparent horizon.
Proof: Suppose that equality holds in (3.16). Thereby, there exists a nonzero λ
eigenspinor eld ϕ suh that
(3.17) Pϕ ≡ 0 , 〈e0 ·KAPS · ϕ,ϕ〉 ≡ 0 .
The seond equation of (3.17) simply says that the vetor eld KAPS is lightlike, whih
means in other words
HAPS0 = 0 ,
and the rst one reads as
∇Xϕ+
(
λ
n
)
X · ϕ = 0 , ∀X ∈ Γ(TΩ),
that is, ϕ is a Killing spinor of Killing number −λ/n.
If we suppose futhermore k∂Ω(ν) = 0 along the boundary ∂Ω, then HAPS0 = 0 an be re-
formulated as trℓθ = |trℓk| whih, in the General Relativity literature, is the ondition to
be an apparent horizon. 
3.4. Chiral Boundary Condition. In the present setion, our aim is to nd an estimate
for the spetrum of the DiraWitten operator under a natural boundary ondition asso-
iated to a hirality operator. It onsists on nding a lower bound for |λ|2 where λ is any
nonzero omplex (a priori) number involving in the following ellipti rst order boundary
problem
(CHI)
{
Dϕ = λϕ on Ω
G(ϕ) = ϕ on ∂Ω
,
where ϕ is nonzero (eigen)spinor eld, and where G ∈ End
(
Σ|∂Ω
)
is dened by the
relation G(ψ) = εν · e0 · ψ, with ε = ±1. The boundary ondition G(ψ) = ψ was originally
introdued (as the (APS) ondition) to prove some blak hole version of the positive mass
theorem for asymptotially at manifolds [6, 7℄. Some of our arguments appeared rst in
[12℄, but our onlusion onerning the equality ase is muh more stronger. As usual in
this artile, we rst prove that the spetrum of (CHI) is real.
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3.17. Lemma. The spetrum of (CHI) is a disrete set of real numbers.
Proof: Let λ ∈ C be any eigenvalue of (CHI) with ϕ a orresponding eigenspinor eld.
We know that
(λ− λ) ‖ϕ‖L2(Ω) = −〈ν · ϕ,ϕ〉L2(∂Ω)
= −〈ν · ϕ, e0 · e0 · ϕ〉L2(∂Ω)
= 〈ν · e0 · ϕ, e0 · ϕ〉L2(∂Ω)
= ε 〈ϕ, e0 · ϕ〉L2(∂Ω) ,
whih is real sine e0· is Hermitian with respet to the salar produt 〈∗, ∗〉. 
For later use we introdue a geometri quantity.
3.18. Denition. We set
HCHI0 := inf
∂Ω
{trℓθ + ε(trℓk)} .
The last main result of this note is a generalisation of the lower bound of [11℄ for the
DiraWitten operator under the (CHI) boundary ondition (we reover the inequality of
[11℄ when we set k ≡ 0 on Ω).
3.19. Theorem. Let Ω be a ompat domain of a spaelike spin hypersurfae (M,g, k)
whih satises the dominant energy ondition along Ω (so that R0 > 0). The boundary ∂Ω
is assumed to verify HCHI0 > 0. Then under the (CHI) boundary ondition, the spetrum
of the DiraWitten operator on Ω is an unbounded disrete set of real numbers, suh that
any eigenvalue satises
(3.18) |λ|2 >
n
(n− 1)
R0 .
Proof: The fat that, under the (CHI) boundary ondition, the spetrum of the Dira
Witten operator on Ω is an unbounded disrete set of real numbers, has been proved in
the previous lemma.
We now need to give some elementary properties of the boundary spinorial endomorphism
G (the proof is left to the reader).
3.20. Proposition. The endomorphism G is symmetri, isometri with respet to 〈∗, ∗〉,
antiommutes to the ation of ν· and e0·, and ommutes to eah ek·, (k > 2).
The important fat is that the boundary ondition of (CHI) allows us to express the
boundary integrand of (3.4) in terms of the extrinsi urvature tensors k and θ.
3.21. Lemma. If G(ϕ) = ϕ then along the boundary ∂Ω we have
(3.19) ωϕ(ν) =
1
2
(
trℓθ + ε(trℓk)
)
|ϕ|2 .
Proof of Lemma 3.21: We use Equation (2.4)
ωϕ(ν) =
〈
ν · ej · ∇˜ejϕ+
1
2
(
(trgk)ν · e0 · −k(ν) · e0 ·+(trℓθ)
)
ϕ,ϕ
〉
=
〈
ν · ej · ∇˜ejϕ+
1
2
(
(trℓk)ν · e0 · −k
∂Ω(ν) · e0 ·+(trℓθ)
)
ϕ,ϕ
〉
=
1
2
(
trℓθ + ε(trℓk)
)
|ϕ|2 .
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when we take Proposition 3.20 and the assumption G(ϕ) = ϕ into aount. Assume ϕ is
solution of (CHI) for a nonzero λ ∈ R, then (2.3) implies
0 6
(
n− 1
n
)
λ2
∫
Ω
|ϕ|2 −
∫
Ω
〈Rϕ,ϕ, 〉 ,
sine the ondition HCHI0 > 0 indues the nonnegativity of the boundary integral in (2.3).
This leads to the desired inequality, namely
λ2 >
n
(n− 1)
R0 .

On the ontrary to the other boundary onditions, equality ase in (3.18) an be treated
in general.
3.22. Theorem. Under the assumptions of Theorem 3.19, equality in (3.18) always leads
to the existene of an imaginary ∇Killing spinor on Ω of Killing number −λ/n, and the
seond fundamental form of ∂Ω is proportional to k∂Ω, sine
θ + εk∂Ω ≡ 0 .
In partiular, ∂Ω is an apparent horizon.
Proof: Suppose now that equality holds in (3.18). Thereby, there exists a nonzero
λeigenspinor eld ϕ suh that
(3.20) Pϕ ≡ 0 , HCHI0 ≡ 0 .
The seond equation of (3.20) simply says that trℓθ+ε(trℓk) = 0 on ∂Ω. The rst equation
of (3.20) an be reformulated as
∇Xϕ+
(
λ
n
)
X · ϕ = 0 , ∀X ∈ Γ(TΩ),
that is, ϕ is a Killing spinor. We onsider now any vetor eld X ∈ Γ(T∂Ω) tangent to
the boundary, and we ompute
−
(
λ
n
)
X · ϕ = ∇Xϕ
= ε∇X(ν · e0 · ϕ)
= ε
(
(∇Xν) · e0 · ϕ+ ν · (∇Xe0) · ϕ+ ν · e0 · ∇Xϕ
)
= ε
(
∇Xν · e0 · −k(X, ν) − ν · k(X) · −
(
λ
n
)
ν · e0 ·X·
)
ϕ
= ε
(
− θ(X) · e0 · −k(X, ν)− ν · k(X) ·
)
ϕ−
(
λ
n
)
X · ϕ .
This nally leads to (after a left multipliation by e0·)
(3.21) ∀X ∈ Γ(T∂Ω) , (θ(X) · −k(X, ν)e0 ·+ν · e0 · k(X)·)ϕ = 0 .
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The ondition (3.21) an be improved, using one again G(ϕ) = ϕ
0 = (θ(X) · −k(X, ν)e0 ·+ν · e0 · k(X)·)ϕ
=
(
θ(X) · −k(X, ν)e0 ·+ν · e0 · k
∂Ω(X) ·+ν · e0 · k(X, ν)ν·
)
ϕ
=
(
θ(X) ·+ν · e0 · k
∂Ω(X)·
)
ϕ
=
(
θ(X) + εk∂Ω(X)
)
· ϕ ,
for every X tangent to the boundary. This indues θ + εk∂Ω ≡ 0 on ∂Ω. 
3.23. Remark . The Gauss equation expliitely gives the Rii urvature of g restrited to
the boundary when equality is ahieved in (3.18)
Ricg,∂Ω =
Scalℓ
(n− 1)
ℓ− (trℓθ)θ + θ ◦ θ
=
Y (∂Ω, ℓ)
(n− 1)
ℓ− (trℓk)k
∂Ω + k∂Ω ◦ k∂Ω ,
sine ℓ is an Eintein Yamabe metri, and θ + εk∂Ω ≡ 0 on ∂Ω (ε2 = 1).
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